Three-dimensional deformations of a multilayered, linear elastic, anisotropic rectangular plate subjected to arbitrary boundary conditions at its edges are analyzed by the generalized Eshelby-Stroh formalism. The rectangular laminate consists of anisotropic and homogeneous laminae of arbitrary thicknesses. Perfect bonding is assumed between the adjoining laminae in the sense that both surface tractions and displacements are assumed to be continuous across their interfaces. The analytical solution is in terms of infinite series, and the effect of truncating the series on the accuracy of the solution is scrutinized. The method is also applicable to rectangular laminated plates, with edges of each lamina subjected to different boundary conditions. Results are presented for thick plates with different sets of edge boundary conditions, e.g., two opposite edges simply supported and the other two subjected to eight different conditions or all four edges clamped.
I. Introduction
F IBER-REINFORCED laminated plates are extensively used in aerospace, automotive, and ship-building industries primarily because of their high strength-to-weight ratio, and their strength and stiffness can be tailored to meet design requirements. The accurate prediction of the response characteristics of such laminated structures is a challenging task because of their intrinsic anisotropy, heterogeneity, and low ratio of the transverse shear modulus to the in-plane Young's modulus.
Laminated plates are usually analyzed by use of equivalent single-layer theories based on either the classical laminated plate theory 1 ' 2 (CLPT), which assumes the Kirchhoff-Love hypothesis, or its refinements, such as the first-order shear deformation theory 2 ' 3 (FSDT) and higher-order theories, 2 ' 4 " 6 which include the effect of transverse shear deformations. Accurate prediction of interlaminar stresses is very important since they usually cause delamination failure at the interfaces. A drawback of equivalent single-layer theories is that they allow for discontinuous interlaminar stresses. Layerwise theories 7 
"
10 are considerably more accurate than the preceding theories. We refer the reader to Refs. 2, 11, and 12 for a historical perspective and for a review of various approximate theories.
The validity of approximate plate theories can be assessed by comparing their predictions with the analytical solutions of the three-dimensional equations of anisotropic elasticity. Pagano, 13 -14 Pagano and Hatfield, 15 Srinivas et al., 16 and Srinivas and Rao 17 obtained analytical solutions for orthotropic simply supported laminates. These benchmark solutions have been used to validate new or improved plate theories and finite-element formulations. However, simply supported edge conditions are less frequently realized in practice, and they do not exhibit the well-known boundarylayer effects observed near clamped or free edges.
Here we present analytical solutions for the deformations of anisotropic rectangular thick plates subjected to arbitrary boundary conditions. Each lamina may be generally anisotropic with 21 elastic constants and subjected to boundary conditions different from those on the adjoining laminae. The three-dimensional equations of elasticity are solved by a generalization of the Eshelby-Stroh formalism. Thus the governing equations are exactly satisfied, and various constants in the general solution are determined from the boundary conditions at the edges and continuity conditions at the interfaces. This results in an infinite system of equations in infinitely many unknowns. The truncation of this set of equations inevitably introduces errors that can be minimized by increasing the number of terms in the series. Results for plate problems with different sets of edge boundary conditions are presented in tabular form to facilitate comparison with predictions from various plate theories.
II. Formulation of the Problem
We use a rectangular Cartesian coordinate system, shown in Equations governing the displacements u = jc -X of a material point X are a U -(1) (2) (3)
Here x is the present position of the material particle that occupied place X in the reference configuration, o/y are the components of the Cauchy stress tensor, £*/ are the components of the infinitesimal strain tensor, C/;*/ are elastic constants, a comma followed by index j indicates partial differentiation with respect to jc 7 , and a repeated index implies summation over the range of the index. We interchangeably use the direct and the indicia! notation. The strain energy density W is given bŷ = \Cijkl£ij £ kl (4) The symmetry of the stress tensor, symmetry of the strain tensor, and the existence of the strain energy function imply the following symmetry conditions:
Material elasticities are assumed to yield a positive strain energy density for every nonrigid deformation of the body. That is, Cijki£ij£ki > 0 for every nonzero symmetric tensor e*/. The strain energy U of the laminated plate is given by The displacement or traction components on the side surfaces jci = 0, LI and x 2 = 0, L 2 and on the bottom and top surfaces Jt 3 = 0, L 3 are specified as on * 5 = on x s = (5-1,2,3) (7) (Ref. 23, pp. 497, 498) , where (a,),-= a is . The functions / (v) and g ( -v) are known and/^A ) , /^v ) ,/^v ) and/£ v) are 3 x 3 diagonal matrices. For most applications, these diagonal matrices have entries of either zero or one such that
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where / is the 3 x 3 identity matrix. , and /^3 ) may not satisfy Eq. (8) . The interfaces between different laminae are assumed to be perfectly bonded together. Thus displacements and surface tractions between the adjoining laminae are taken to be continuous, that is,
Here [w] denotes the jump in the value of u across an interface.
III. Solution of the Governing Differential Equations
We construct a local coordinate system x[ n \ x cal axes parallel to the global axes and the origin at the point where the global ;c 3 axis intersects the bottom surface of the >ith lamina. In this local coordinate system, the nth lamina occupies
, where /i = LI, / 2 = L 2 , and l ( 3 n} 
We drop the superscript n for convenience with the understanding that all material constants and variables belong to this lamina.
The Eshelby-Stroh formalism 23 ' 25 provides a solution for the generalized plane strain deformations of a linear elastic anisotropic material. Here we extend it to three-dimensional deformations by assuming that
where a and p are possible complex constants to be determined, k\ and k 2 are known integers, and / = *J-1. The chosen displacement field has a sinusoidal variation on the x\-x 2 plane with an arbitrary exponential variation in the ;c 3 direction; k\ and k 2 determine the period of the sinusoidal terms in the jci and the x 2 directions, respectively. From Eqs. (1-3) and (10), we obtain 
IV. Series Solution
The complete double Fourier series expansion constructed to satisfy the boundary/interface conditions on the surfaces x^ = 0, /î s obtained by superposing solutions of the form of Eq. (14) . In the following equations the first superscript n denotes the nth lamina and the second superscript 3 indicates that the series terms have a double Fourier series expansion on the plane x^ = constant. The dependence of the eigenvalues and eigenvectors on k\ and k 2 is indicated by the subscripts:
The terms involving fc 0 € (0,1) play the role of the constant term in the double Fourier series expansion and
The functions -1 (17) vary sinusoidally on the surfaces j^ = 0, I 3 n) and exponentially in the x 3 n -* direction. The first inequality in expressions (13) 
V. Degeneracy of the Eigenvalues
The general solution given as Eq. (14) is applicable when the eigenvalues p a are distinct. When one of the eigenvalues is a double root of det[D(p)] = 0, there may or may not be two corresponding independent eigenvectors a (Refs. 23 and 26) . If there exist two independent eigenvectors associated with the double root, then the general solution can still be written as Eq. (14) . When p is a double root with a single independent eigenvector, the first independent solution is given by Eq. (10) and a second independent solution is
where da/dp is obtained by differentiating Eq. (1 1):
D-+ -a = dp dp (19) 
Dempsey and Sinclair 27 have shown the existence of a nontrivial solution to Eqs. (11) and (20) fora and da/dp. If p\ is the double root and p^ the single root, the general solution can be written as
where p 2 is set equal to p\. The degenerate case of triple roots can be similarly analyzed.
, where Z + and Z~ denote the sets of positive and negative integers, respectively. The same procedure is repeated for the second equation of boundary conditions (7) on the top surface of the Nth lamina with 5 = 3 and interface continuity conditions (9) between the nth and the (n + l)th laminae.
On the side surfaces x{ n) =0, l\ the functions are extended over
We then multiply the second equation of boundary conditions (7) that corresponds to s = 1 by and x n) over and integrate the result with respect to [-/2, W x [-4" ) >4" ) ]-A similar procedure is used to satisfy boundary condition (7) corresponding to 5 = 2 on the surfaces x^ = 0, / 2 .
Substitution for u (n) and cr% } from Eqs. (18) into Eq. (22) and the other equations that enforce the boundary conditions on the top surface, the lamina interfaces, and the side surfaces leads to an infinite set of linear algebraic equations for the infinitely many unknown coefficients c[Jj^2 ) and dfy*^. A general theory for the solution of the resulting infinite system of equations does not exist. However, reasonably accurate results can be obtained by truncating k\ and £ 2 in Eq. (16) to K\ and K 2 terms, respectively. The series involving summations over & 2 and k 3 in the expression for ii^'^ are truncated to K 2 and K 3 n) whereas those for ii ( " >2) are truncated to K 3 n) and £1 terms. In general, we try to maintain approximately the same period of the largest harmonic on all interfaces and boundaries by choosing K 3 n) =ceil[tf 1 /J l) //i] and A: 2 = ceil(^1/ 2 //i), where ceil( v) equals the smallest integer greater than or equal to v. Thus the size of the truncated matrix will depend solely on the choice of K\ .
VII. Results and Discussion
We present results for specific laminated plates. Each lamina is composed of a unidirectional fiber-reinforced material that is modeled as orthotropic and assigned the following stiffness properties 14 :
where E, G, and v denote Young's modulus, shear modulus, and Poisson's ratio, respectively, and subscripts L and T indicate directions parallel and perpendicular to the fibers, respectively. For values given in Eqs. (23), the nonzero components of the elastic tensor C//*/ for a 0-deg lamina are The laminae are of equal thicknesses in all of the above cases. The following two load distributions are considered:
a) The top surface is subjected to a sinusoidal normal load, whereas the bottom surface is traction free:
i.e.,or 33 (.xi,jc 2 , //) = ^0sin(7Tjci/L 1 )sin(^jc 2 /L 2 ). In this section we denote the thickness of the laminate by H(=L 3 ).
b) The top surface is traction free, whereas the bottom surface is subjected to a sinusoidal normal load
i.e., cr 33 (*i, * 2 , 0) = -The displacements and stresses at specific locations on the x\-x 2 plane and the strain energy are normalized as follows:
where e is the normalized elongation of the normal at the center of the plate. Note that the transverse normal, transverse shear, and in-plane stresses have been normalized differently so that the magnitude of each stress component is of the order of 1. O"i l =0, M2 = 0, (Ti3 = 0 crn =0, <ri 2 =0, M3=0
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A. Laminates with Two Opposite Edges Simply Supported
Here we consider laminates that are simply supported on the edges x 2 = 0, L 2 and subjected to eight different boundary conditions on the edges x\ =0 and L { . In all cases/ (1) =g ( Table 1 . For example, when the surface x\ = 0 is clamped and the surface x\ -L \ is traction free, we denote the configuration as B\ # 8 . The present method can also analyze laminated plates when the edges of each lamina are subjected to boundary conditions different from those on the corresponding edges of the adjoining laminae. Such boundary conditions on the surface x\ = 0 or L\ are specified in the form #(/, 1 ,/, 2 ,...,/^), where the edge x\ = 0 or L\ of the nth lamina is subjected to boundary conditions Bb n . This allows one to model realistically problems with varying boundary conditions on the edges. 28 For example, if the bottom lamina of a two-ply laminated plate is clamped at jci -0 and LI and the corresponding edges of the top lamina are traction free, the configuration is denoted by Z? ( 1)8 )fl( lj8 ).
When the laminae are orthotropic and the edges x 2 = 0, L 2 are simply supported, i.e., u \ = u 3 = 0, <r 22 = 0, a solution of the form i, ^3) sin(A7r;c 2 /L 2 ), u 2 (27) will satisfy boundary conditions at the simply supported edges. Thus we need only one term, namely, k 2 = A, in the x 2 coordinate direction in the double Fourier series expansion, and the size of the truncated matrix can be greatly reduced.
Because any load distribution can be represented by a Fourier sine and cosine series and the problem being studied is linear, results for a general loading can be obtained by the method of superposition.
The effect of truncation of series on the solution is investigated for a square [0/90 deg] laminate that is simply supported on two opposite edges and clamped on the other two. Computed values of various variables at specific points in the laminate as well as the total strain energy are listed in Table 2 . These results show that the normalized variables have converged to three decimal places with K\ = 250 terms, while reasonable accuracy may be obtained with K\ = 25 terms. Values of a\ \ (0) computed with K\ = 150, 200, and 250 slightly differ in the third decimal place but can be regarded as converged for all practical purposes. The upper and the lower values of the transverse normal and shear stresses are at corresponding points on the two sides of the interface between the two laminae. As is evident, the interface continuity conditions are also satisfied very well with increasing K\. Positive values of e signify that the thickness of the plate at its centroid increases for the problem studied herein. The strain energy exhibits monotonic convergence from above and has converged to three decimal places for K\ = 50. Although ICQ in Eq. (16) was chosen to be 0.5 for this study, a similar convergence behavior was observed for other values of k$.
The normalized displacements and stresses for a square [O/ 90 deg] laminated plate with the edges x\ = 0, L\ subjected to various boundary conditions are given in Tables 3 and 4 for two different span-to-thickness ratios. Results in the last column of these tables are for the case in which the edges x\ = 0 and L t of the bottom lamina are clamped and the corresponding edges of the upper 
lamina are traction free. The value of 0 22 (H) for L\/H = 5 decreases from 12.877 to 6.263 when the boundary conditions on the edges x\ = 0, L\ of the bottom lamina are changed from traction free to clamped; the effect on the other variables is also quite noticeable. A comparison of results for configurations B\ B\ with those for 5(1,8)5 (1, 8) reveals that altering the boundary conditions on the edges x\ -0, L\ of the upper lamina from clamped to traction free has a noticeable effect on the values of u\(H) and a 31 (///2). We compare our results with those of Khdeir and Reddy, 29 who analyzed the problem with the classical lamination theory, FSDT, and third-order shear deformation theory 6 (HSDT). They considered six different sets of boundary conditions on two opposite edges whereas the other two edges were simply supported. However, we compare results for configurations B\B\, 8585, and B%B%, Our results indicate that the displacements and stresses at a point depend on whether the normal load is applied on the top or the bottom surface of the laminate, whereas laminated plate theories yield the same results irrespective of the surface on which the load is applied. The CLPT and the HSDT underestimate the deflection at the center of the plate whereas FSDT overestimates it. The results obtained from the equivalent single-layer theories are close to our analytical values for large span-to-thickness ratios, except for the transverse shear stress <7 23 (///2). The HSDT has errors of -10 and 20% in predicting the displacement u 3 (H/2) and normal stress an(0), respectively, for configuration B\ B\, with L\/H = 5. These errors decrease to 5 and 6%, respectively, for a span-to-thickness ratio of L\/H = 10. Our computed value ofor 23 Figure 2 depicts the through-thickness distribution of the in-plane normal stress OH on four sections,*!/Li =0.05,0.1,0.3, and 0.5, for a square [0/90 deg] laminated plate of L\/H = 5, simply supported on edges x 2 = 0, L 2 and clamped on x\ =0, LI, and loaded by a sinusoidally distributed load on the top surface. Whereas in the upper lamina with fibers along the x 2 axis the distribution of an on the four sections is qualitatively similar to each other with magnitude close to zero, that in the lower lamina with fibers along the x\ axis is quite different. As expected, the lower lamina with higher stiffness in the *i direction provides more resistance to bending in the Jti-;t 3 plane. Similarly, the upper lamina provides significant resistance to bending in the x 2 -x 3 plane. The through-thickness distribution of the transverse shear stresses near the edge jci = 0, plotted in Figs. 3 and 4 , shows that the shape of the distribution depends on the boundary conditions applied at the edge. The transverse shear stresses are not parabolic, as is usually assumed, and in fact their slopes are discontinuous at the layer interfaces. The layerwise models of Ren 9 and Lee et al. 10 that assume a parabolic variation of the transverse shear stress provide a better approximation than Reddy's theory 6 that is based on the parabolic variation of the transverse shear strain. Good results should be obtained when the assumed transverse shear-stress distribution is close to the analytical one obtained here. As noted by Lee and Cao, 19 such a distribution is not known a priori because it depends on the lamination scheme, plate geometry, boundary conditions, and loading. Moreover, our results indicate that a single continuously differentiable function will not describe well the through-thickness distribution of the transverse shear stress at all points on the x\-x 2 plane of the laminate.
The transverse normal stress vs jci at x 2 = L 2 /2 is plotted in Fig. 5 for a square [0/90 deg] laminate that is subjected to the layerwise boundary conditions # ( i,8)#o,8) • It exhibits severe gradients at points on the interface that are close to the edges. This may be due to the presence of a stress singularity on the lines where the interface meets the edges x\ = 0 and L\. The change in the thickness of a square [0/90 deg] laminate that is simply supported on two opposite edges and traction free on the other two is shown in Fig. 6 . The variation over only a quarter of the plate is shown because of the symmetry of the loading and the boundary conditions about the two centroidal axes. Although the change in thickness is zero at the simply supported edges, as expected, it is not negligible at the free edges. The change in thickness is maximum at the center of the plate. Table 5 gives, for eight different boundary conditions, the normalized displacements and stresses in a square [0/90/0 deg] laminate with Li/H = 5, 10. Because the laminate is symmetric about the Values corresponding to the central layer. midplane, results are given only for normal loading on the top surface. The in-plane normal stress a n on the top surface of thick laminates is considerably larger in magnitude than those on the bottom surface. This asymmetry is attributed to the external loads being applied on the top surface whereas the bottom surface is traction free and is less for the thinner laminate. Different plate theories do not predict this asymmetry. We retrieve Pagano's results 14 when all four edges of the laminate are simply supported. The transverse displacement or the deflection of the centroid of the plate and the magnitude of a\ \ (0) are considerably less when the edges x\ = 0, L \ are clamped, compared with those when the edges are simply supported. Recall that the other two edges are simply supported in each case. However, for the symmetric thick laminate, the change in the thickness of the plate at its centroid is essentially the same for each one of the eight sets of boundary conditions. The average elongation e at the center of the antisymmetric [0/90 deg] laminate is much more sensitive to the boundary conditions in the thin plate than in the thick plate (see Tables 3 and 4 ). For example, in Table 4 corresponding to load (b) we see that the normal at the center may elongate or contract depending on the boundary conditions at the edges of the plate. We can explain this by observing that the stresses cr\\ and a 2 2 are of the order ofqoL^/H 2 whereas the transverse normal stress a 33 is of the order of q §. Thus the in-plane normal stresses dominate over the transverse normal stress for thin plates. For orthotropic materials the transverse normal strain £ 33 = -v\^cr\]/E\ -v 2 i0 22 /E 2 -f-o^/Es, and for thin laminates Poisson's elongation/contraction that is due to cr\\ and cr 22 will exceed that which is due to <J 33 . Since the normal stresses a\ \ and cr 22 at the center of the laminate are sensitive to the boundary conditions, the elongation of the normal is therefore also influenced by the boundary conditions. In contrast, the elongation of the normal for a symmetric [0/90/ 0 deg] thin laminate is insensitive to the boundary conditions at the edges (see Table 5 ). This is because the normal stresses a\\ and 022 in the symmetric laminate are nearly antisymmetric with respect to the midsurface. Thus Poisson's effect at locations on the top half of the laminate is equal and opposite to that at corresponding points on the bottom half, thereby canceling each other's contribution to the average elongation. The elongation of the normal for symmetric laminates is primarily due to 033 at the center of the laminate, which is essentially insensitive to the boundary conditions at the edges. Table 6 gives the through-thickness distribution of the displacements and stresses for the square [0/90/ 0 deg] laminate that is simply supported on two opposite edges and clamped on the other two. As should be clear from the values of quantities on the two sides of an interface, the continuity of displacements and tractions at the interfaces is satisfied to at least three decimal (significant) digits. The computed value of 033 is off by 0.06% of # 0 on the top and the bottom surfaces of the laminate. This error can be further reduced by retaining more terms in the series expansion. Figures 7 and 8 show the influence of the boundary conditions on the through-thickness distribution of the normalized transverse shear stress at a section close to the edge jci = 0. Again, the distribution is not parabolic. For a laminate simply supported on the edges JC2 = 0, L.2 and traction free on ;ci =0, L\, the through-thickness distribution of <Ji3 exhibits stress reversal at points close to the top and bottom surfaces. When the edges x\ =0, L\ are rigidly clamped, the curvature of the curve in the central lamina is opposite to that in the two surrounding laminae. A similar behavior is exhibited by the through-thickness distribution of a 23 when the boundary conditions at edges x\ = 0, LI correspond to B-j in Table 1 . The transverse normal stress distribution depicted in Fig. 9 is also sensitive to the boundary conditions at the edges. When the edges x\ = 0, L\ are clamped, the through-thickness distribution of 033 at x\/L\ = 0.05 in the laminate is far from the cubic variation predicted by the CLPT.
---• ---• ---• -----------------------
When all four edges are simply supported, Pagano 14 has shown that the boundary and the interface conditions can be satisfied by B («) =B (n.3) j n me fi rst equation of Eqs. (18), i.e., the coefficients corresponding to i* (/lil) and u (/l ' 2) are zero. This shows the absence of boundary layers near the edges of a simply supported orthotropic Laminate plate. A boundary layer may exist for boundary conditions other than simply supported edges. Figure 10 shows the transverse shear stress an vs jci for the square [0/90/0 deg] laminate with two opposite edges simply supported and the other two edges either traction free, clamped, or simply supported. Whereas 0^3 varies smoothly when the edges jci = 0, L\ are simply supported and the curvature of the curve ai3 vs jci is constant near the edges x\ = 0, L\, such is not the case when these edges are either clamped or traction free. The thickness of the boundary layer may be equated with the distance from the edge x\ = 0, L\ of the point where the curvature of the curve 0*13 vs x\ suddenly changes. This definition gives the boundary-layer thickness as approximately O.OlLi and 0.03Li near the clamped and the free edges, respectively, for LI/// = 5. The transverse shear-stress distribution close to the free edge for the [0/90/0 deg] laminate that is simply supported on two edges and free on the other two is shown in Fig. 11 . It is interesting to note the manner in which the shear stress evolves within the boundary layer adjoining the free edge of the plate into a distribution exhibited by simply supported plates.
The preceding definition of the boundary-layer thickness implies that the layer is 0.04// near the top and the bottom surfaces of the plate.
B. Clamped Plates
For laminated plates with all four edges clamped, we introduce two additional nondimensional quantities: 
Displacements and stresses at specific points in the plate are listed in Table 7 for Cases (2) and (3). Results for K { > 25 terms have not been computed because of the increased computational effort involved.
VIII. Conclusions
We have generalized the Eshelby-Stroh formalism to study the three-dimensional deformations of linear elastic, anisotropic, laminated rectangular plates subjected to arbitrary boundary conditions at the edges. Equations of elastostatics are satisfied at every point of the body. However, the interface continuity and the boundary conditions are satisfied in the sense of Fourier series. When sufficient terms are included in the analytical series solution, the boundary and the interface continuity conditions are well satisfied at every point on these surfaces.
Our computed results for simply supported plates agree with those of Pagano.
14 For a rectangular laminated plate simply supported on two opposite edges, we have also computed results for nine sets of boundary conditions on the remaining two edges and the plate loaded either on the top or on the bottom surface. One such problem studied involves a square [0/90 deg] laminated plate with two edges of the lower lamina clamped and the corresponding edges of the upper lamina traction free; the other two edges of both laminae are simply supported. Whereas plate theories give same values of the in-plane displacements and in-plane normal stress at points located symmetrically about the midsurface of the plate, we obtain slightly different values of these quantities from the converged solution. The solution, valid for all aspect ratios of the plate, exhibits boundary layers near the clamped and traction-free edges. The transverse shear-stress distributions are found to depend on the boundary conditions as well as on the lamination scheme and are not parabolic. The elongation of the normal to the midsurface of a thick plate depends on whether the transverse load is applied to the top or the bottom surface of the plate and the boundary conditions at the edges. The results presented herein should help establish the validity of various approximate theories.
Note Added in Proof

